An explicit finite difference scheme for one-dimensional Burgers equation is derived from the lattice Boltzmann method. The system of the lattice Boltzmann equations for the distribution of the fictitious particles is rewritten as a three-level finite difference equation. The scheme is monotonic and satisfies maximum value principle; therefore, the stability is proved. Numerical solutions have been compared with the exact solutions reported in previous studies. The L 2 , L ∞ and Root-Mean-Square RMS errors in the solutions show that the scheme is accurate and effective.
Introduction
The lattice Boltzmann method LBM has been introduced as a new computational tool for the study of fluid dynamics and systems governed by partial differential equations. It has made a rapid development in theory and application over the last couple of decades since its inception 1-4 . This method can be either regarded as an extension of the lattice gas automaton 5 or as a special discrete form of the Boltzmann equation for kinetic theory 6 . The lattice Boltzmann models can also be used as partial differential equation PDE solvers. By choosing appropriate collision operator or equilibrium distribution, the lattice Boltzmann model is able to recover the PDE of interest. Recently The numerical schemes based on the LBM are given as a system of two-level explicit difference equations composed of the distribution functions of fictitious particles for each direction in which the particles move. For one-dimensional advection-diffusion problems,
The Three-Level Finite Difference Scheme for 1D Burgers Equation Based on the LB Schemes
The one-dimensional Burgers equation take the following form:
with the initial condition u x, 0 u 0 x . Here, the viscous coefficient ν 1/ Re, Re is the Reynolds number. Historically, 2.1 was first introduced by Bateman 26 who gave its steady solutions. It was later treated by Burgers 27 as a mathematical model for turbulence and after whom such an equation is widely referred to as Burgers equation. For a small value of ν, Burgers equation behaves merely as hyperbolic partial differential equation and the problem becomes very difficult to solve as a steep shock-like wave fronts developed. 
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The Lattice Boltzmann Scheme
According to the theory of the LBM, it consists of two steps: 1 streaming, where each particle moves to the nearest node in the direction of its velocity; 2 colliding, which occurs when particles arriving at a node interact and possibly change their velocity directions according to scattering rules. Fictitious particles are introduced at each of the mesh points x jΔx j . . . , −2, −1, 0, 1, 2, . . . , and they move with the velocity c i determined by the D1Q2 model from x to the neighboring mesh point which was shown in Figure 1 . The lattice Boltzmann schemes are established on grids with two directions
where c Δx/Δt is the speed in the system. Let f i x, t denote the distribution function of the particles moving with velocity c i . So the time evolution of the distribution function f i x, t is given by the following lattice Boltzmann equation LBE based on the Bhatnagar-Gross-Krook BGK model:
x, t is the local equilibrium distribution function of particles and τ is the dimensionless relaxation time which controls the rate of approach to equilibrium. The change in the distribution function produced by the collision of particles is approximated by the second term on the right-hand side of 2.3 . The macroscopic velocity u x, t is defined in terms of the distribution function as
2.4
In this paper, f eq i x, t are determined as to satisfy 2.4 and the following conditions:
2.5
Solving these equations determines the equilibrium distribution functions 
The Multilevel Finite Difference Scheme
Now, we let f n i,j denote f i jΔx, nΔt and let u n j denote u jΔx, nΔt . We note that the subscript i, j combines information about the channel or direction of propagation i 1, −1 and location j denotes a grid node . Using the equilibrium distribution function 2.6 , the lattice Boltzmann equation 2.3 can be rewritten by classical finite different notation
2.8
According to 2.4 , the macroscopic velocity can be computed by
2.9
In addition,
2.11
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Substitute 2.12 to 2.9 , we finally obtain the following three-level explicit finite difference scheme
Stability Analysis
In this section, assumed the initial value u 0 x is bounded and smooth enough, we will prove the multilevel finite difference scheme is stable in
It is not difficult to see that, if |u n j | ≤ 1 and
then the scheme 2.9 is monotonic increase. τ ≥ 1 means
Now, we will point out that the solution of the scheme 2.13 satisfies the maximum value principle. 
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Proof. It is known that if we take f 0
and similarly
3.6
If we suppose u 0 S ≤ f n 1,j f n −1,k ≤ u 0 L is also correct. Particularly j k, we have u 0 S ≤ u n j ≤ u 0 L , then
3.7
Similarly, we get
Let j k, we can get
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Assume that u x, t is another solution of 2.1 with subject to initial condition u x, 0 u 0 x , and the initial condition satisfies | u 0 x | ≤ 1. Using the same scheme 2.13 and same restriction condition 3.2 , we have the following. 
3.10
Denote that u n Δx {u n j , j ∈ Z} is the discrete solution of LBE 2.7 -2.9 at time nΔt, and u n Δx L 1 j |u n j |Δx is the L 1 norm of discrete function u n Δx . Then, the solution is stable in the meaning of L 1 .
Theorem 3.3. If u n
Δx , u n Δx are the solutions of 2.13 , u 0 Δx , u 0 Δx ∈ L 1 R 2 with subject to the corresponding initial conditions 3.1 and restrictions 3.2 , then there are
Proof. Consider 
3.13
Summing the absolute value to all j, by Lemma 3.2, we have
3.14
If we let u Δx x, t 0 in 3.11 , we can get 3.12 .
Remark 3.4. The restriction 3.2 is sufficient but not necessary.
Numerical Experiments
Example 4.1. We investigate the accuracy of the scheme by solving 2.1 on the domain t, x ∈ 0, T × 0, 1 . The initial condition is u x, 0 sin 2πx , 0 ≤ x ≤ 1, and the homogenous 8 Journal of Applied Mathematics boundary condition is u 0, t u 1, t 0. In this case, the exact Fourier solution is given by 28 u x, t 2πν ∞ n 1 a n exp −n 2 π 2 νt n sin nπx a 0 ∞ n 1 a n exp −n 2 π 2 νt cos nπx 
4.2
In comparison with the analytical solutions, the efficiency of proposed model is validated. The following error norms are used to measure the accuracy: 
4.5
The numerical solutions of 2.1 , which are computed by using different step size at time T 0.1 for ν 1, are given in Table 1 . The above error norms are given in Table 2 for different mesh size.
From Table 2 , we find that the accuracy measured in L 2 , L ∞ and RMS norm errors increases as the step size decrease. The numerical solutions are in the symmetric pattern as the exact solutions are. Table 3 and Figure 1 show a comparison between numerical and exact solutions at different times for ν 0.005. The curves for distribution of absolute errors at different times are also shown in Figure 2 . It is known that the Fourier solutions for ν ≤ 0.001 fail to converge because of the slow convergence of the infinite series 28 . The numerical solution cures for ν 0.001 at different time are drawn in Figure 3 , which shows the correct physical behavior. 
4.6
It possesses the exact solution 23 u x, t 1 Re t
x tan x Re 2 Re t . 4.7 In the computation, we compare the result with the D1Q2 and D1Q3 lattice Boltzmann model whose equilibrium distribution functions are taken as Let Re 500, we give the results of our model, and exact solution as Figure 4 at t 0.4. Table 4 shows the results of the D1Q2, D1Q3, our model and the exact solution at different lattice at time t 0.4. The global relative errors
which are used to measure the accuracy are presented in Table 5 . From Figure 4 and Table 4 , we find that the D1Q2, D1Q3, and our model are all in excellent agreement with the exact solutions. The accuracy of the multilevel finite difference model is even higher than the D1Q2 and D1Q3 model. It should be pointed out that in order to 
Conclusion
In the current study, a three-level explicit finite difference scheme for 1D Burgers equation is derived by rewriting the LB scheme. Furthermore, it is proved that the scheme is conditionally stable. The efficiency and accuracy of the proposed scheme are validated through detail numerical simulation. It can be found that the numerical solutions are in excellent agreement with the analytical solutions. In order to derive LB scheme in a higher dimension, the LBM with the multispeed velocity model will be useful, in which different free parameters will be assigned for different values of the speed. Application of our method to 2D and 3D equations is left for future work.
